
Metric Spaces and Topology
Lecture 14

Obs, Meagre sets form a sideal, i.e. the collection of

such sets in dosed downward under and all unions.

The complement of a meagre it is called comeagre.

Upgrade property, letX be a topological space al S =X.

(a) S is meager => S = ctbl union of closedand sets.

(b) S is concayreS2 tbl intersection ofdense sets.open
In particular, dense or sets are comeagre.
(theconverse holds in Baire spaces.)

Net. Ametric space (top, space) is called O-dimensional
ifit admire a basis of dopen sets (equivalently, open
sets with emptyboundary). More generally, the empty space
is defined to have dimension, and a space is n-dimensional, for

nEIN, if it admits a basis of open set whose boundary is (nt)-dimensional.



Examples. Canter space
2" of the Baire space NIN,

more generally. A for any
set A.

AI is zero-din. benne the open intervals

with rational endpoints form a basis and

they are clopen in IRI. (Indeed, if 4,92 as
rationals, ten (9,122) 1/RIR)=[2,,92] 1(1B(B).)
IR" is topologically) n-dimensional (not justlinearly).

HW INN is homeomorphic to IRIK. (Hint:continued traction expansion.)

Props Every 2nd ctbl top space admit a zero-din comeagre

subspace.
Proof. Let Hahne be a offel basis. Recall It04n

is mid, so XIYOUn is
comeagre al

zero-dia.

Baire spaces. We saw that meagre site form a sideal,
and intuitively, meagre sets should be "small"

But in come spaces, an open set or even
the whole space is meagre,

e.g.
X:=M.



Def. A topspace X is called Baine ifnonemptyopen
sets are nonmeagre. In particular, comeagre sets are

noumeagre.

Obs. An
open subset ofa Baire is also Baire.

Prop. For a metric space X, TFAE:

(A) X is Baire.

(2) Coreagre its are dense.
(3) Intersection of athly many

dense open sets is dense.
Proof. (1) =>(2), longlement of commage is meagre hence

cannot contain a wonempty open set.

(2)=3 (3). By the upgrade property.
then(2) =>(1). If an open set 1 is meagre, U

is comengre,hence dense so U=P.

Upgrade for Baire spaces. In a Baire space,

Ib' a set is comeagre >
it:dense Gr set.

Proof. Follows from the upgrade properly (b) above and statement (3)
in the equivalences above.



In Baire space, the intuition is as follows:

meagre tng small, wall, negligible
nameagre ane monsmall, positive measure

comeagrean
almost everything, small

Butwhich
spaces are Baire?

Baire "Category"theorem. Complete metric spaces are Baire.

Instead ofproving this directly, we will show that complete metric spaces
are Choquet and Choquet spaces are Baire.

Det. In a topological space X, the Choquet game is played as follows:

Player 1. Ue U,

Player 2. Vo Vi Beve...
where Ra, V. EX are open sets sit. Uo? Vo? U,V, ....

Player 2 wins if MUn(=1Vn) FD. The space X is called

Chopet if Player I has a winning strategy.



Theorem. Complete metric spaces are Choquet.
Proof. LetPlayer 2 play open sets in it.⑳,

to do

(i) Fn =Hu Then MUn=15+1 by the completeness of X.

(ii) diam (Un)_z-".

Morem. Choquet topological spaces are Baire.

Proof. By (3) of the equivalences to being Baire, it is enough to prove

that a cell intersection ,n ofdense open sets Wn is dense.

to this end, we fix a novemply open set No and aim to show

thatNo1 Wn=oWntD. Consider he following run ofthe

Choquetgame:
Player 1:No Wir Vo WeMV

...

Player 2: Vo V1 Un

where Player 2 plays according to her winning strategy, so
No (WurV) FX, and hence Wn*D

lor. In complete metric spaces (more generally, in Baire spaces),
dense meagre sets are not Gr. In particular,
⑭is not a hr subset of I (it is a to subset by def).



lor. There is no function fil ->I that's ontinuous
at every rational but discontinuous at every irrational,

Proof. The out of continuity to off is Ger, hence cannotbe .


